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Some exact solutions in K-essence theory isotropic cosmology
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We use a simple form of the K-essence theory and apply it to the classic isotropic cosmological
model and seek exact solutions. The particular form of the kinetic term that we choose is K (φ,X) =
K0(φ)X
m+K1. The resulting field equations in the homogeneous and isotropic cosmology (FRW)is
considered. Several exact solutions are obtained.
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I. INTRODUCTION
In view of the problems with the ΛCDM model, some alternative dynamical dark energy models have been advanced.
Among them there is the K-essence theory that was developed in an attempt to unify the description of dark matter,
dark energy and inflation, by means of a scalar field that has a non canonical kinetic term in the action[1–5]. This
theory is based on the idea of a dynamical attractor solution which acts as a cosmological constant only at the onset of
matter domination and then, K-essence dominates the matter density and produces a cosmic acceleration at around
the present epoch. The K-essence models are based in the following action that has a non canonical kinetic term for
the scalar field [2, 6–10] .
S =
∫
d4x
√−g
(
R
2κ2
−K (φ,X) + Lmatter
)
, X ≡ ∂µφ∂µφ . (1)
K-essence was originally proposed as a model for inflation, and then as a model for dark energy, along as a possibility
to explore the unification of dark energy and dark matter [6, 11, 12]. Further motivations to consider this type of
theories come from string theory [13]. For more details for the application of K-essence to dark energy can be seen in
reference [14] and references therein. Some anisotropic models have also been considered before [15, 16].
The form of the function K (φ,X) should be provided by a more fundamental theory like string theory or theories
with more dimensions. Here we will consider the simple choice K (φ,X) = K0(φ)X
m +K1 in order to obtain exact
solutions, where K0(φ) is a yet undetermined function and K1 is a constant. In reference [17] the particular choice
K0(φ) = K0φ
n and K1 = 0 were considered in order to obtain explicit solutions for φ(t).
Variation of the action with respect to the metric gives the following equation:
1
κ2
[
Rµν − 1
2
gµνR
]
= K (φ,X) gµν − 2KX (φ,X) ∂µφ∂νφ+ Tµν . (2)
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2Where KX(φ,X) ≡ ∂K(φ,X)/∂X , Tµν is the energy momentum tensor of the matter content in the universe and we
will take it as a barotropic fluid. The variation with respect to the scalar field gives the following field equation:
−Kφ (φ,X) + 2∇µ (KX (φ,X) ∂µφ) = 0. (3)
Where Kφ(φ,X) ≡ ∂K(φ,X)/∂φ. The metric of the isotropic and homogeneous cosmology is chosen in the following
form:
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2sin2θdϕ2
]
. (4)
The equations that are obtained after the variation with respect to the metric and assuming a perfect fluid for the
material content (using the fact that κ2 = 8πG), are:
3a˙(t)2
a(t)2
+
3k
a(t)2
+ 8πG
[
K(φ,X) + 2KX(φ,X)φ˙(t)
2 − ρ(t)
]
= 0 (5)
2a¨(t)
a(t)
+
a˙(t)2
a(t)2
+
k
a(t)2
+ 8πG [K(φ,X) + P (t)] = 0 (6)
Considering K (φ,X) = K0(φ)X
m +K1 and substituting in the equation field (3), we obtain:
6ma˙(t)
a(t)
+
(2m− 1)K0′(φ(t))φ˙(t)
K0(φ(t))
+
2m(2m− 1)φ¨(t)
φ˙(t)
= 0. (7)
Here the dot means time derivative and the prime partial derivative with respect to φ. The last equation (7) has the
following first integral:
aK0(φ)
2m−1
6m φ˙
2m−1
3 = c1, (8)
Here c1 is the integration constant, that could be real or imaginary depending on the sign of φ, K0 and the value
of m. When we obtain a solution for a(t), we return to this first integral to obtain φ(t) by means of an integral
(solution in quadrature). For the material content we assume a barotropic fluid with equation of state P = ǫρ. The
conservation law for the fluid, then implies that ρ = ρ0a
−3(ǫ+1). Substitution of the first integral (Eq.(8)),K (φ,X) =
K0(φ)X
m +K1) into Eqs.(5 and 6) and noticing that for the metric under consideration X = −φ˙2 we obtain
a˙2 +
(
8Gπ
3
)[
(−1)m(1− 2m)c1
−6m
1−2m a
2(m+1)
1−2m +K1a
2 − ρ0a−(1+3ǫ)
]
+ k = 0, (9)
2a¨
a
+
a˙2
a2
+ 8πG
[
(−1)mc1
−6m
1−2m a
6m
1−2m +K1 + ǫρ0a
−3(ǫ+1)
]
+
k
a2
= 0. (10)
Notice that Eq.(9)is equivalent to the equation for the one dimensional motion of a particle under the action of the
effective potential Veff ,
Veff =
(
8Gπ
3
)[
(−1)m(1− 2m)c1
−6m
1−2m a
2(m+1)
1−2m +K1a
2 − ρ0a−(1+3ǫ)
]
, (11)
and with total energy E = −k. Therefore we can understand qualitatively the nature of the solutions, once m, ǫ and
K1 are chosen, even when an analytic solution is not available. In the next sections we want to consider those cases
in which exact solutions in terms of ordinary functions are possible.
3II. ONLY SCALAR FIELD
In this section we ignore the barotropic fluid and consider the scalar field as the only component of the material
content of the cosmological model. The equation to solve is:
a˙2 +
(
8Gπ
3
)[
(−1)m(1− 2m)c1
−6m
1−2m a
2(m+1)
1−2m +K1a
2
]
+ k = 0, (12)
And we proceed to select some values of m that allows us to have exact solution in terms of non special functions.
A. Case m=-1
Setting m = −1 in t Eq.(12) the cosmological equation to solve is:
a˙2 +
(
8Gπ
3
)[−3c12 +K1a2]+ k = 0, (13)
We have the following solutions to Eq.(13) taking different values for K1, k and c1. When possible we take the initial
condition a(t) = 0.
For K1 > 0 and 8πGc1
2 − k > 0
a(t) =
√
3(8πGc12 − k)
8πGK1
sin
(√
8πGK1
3
t
)
. (14)
This solution expands from a singularity to a maximum and then re collapses.
For K1 = 0 and 8πGc1
2 − k > 0
a(t) =
√
8πGc12 − k t. (15)
Here we have a ”coasting” solution starting from a singularity and expanding forever.
For K1 < 0 and 8πGc1
2 − k > 0
a(t) =
√
−3(8πGc12 − k)
8πGK1
sinh
(√
−8πGK1
3
t
)
. (16)
This solution starts from a singularity and expands without a re collapse.
For K1 < 0 and 8πGc1
2 − k < 0
a(t) =
√
3(8πGc12 − k)
8πGK1
cosh
(√
−8πGK1
3
t
)
. (17)
This last solution does not have a singularity, contracts from infinity to a minimum expansion factor and then expands
forever.
B. Case m=0
When m = 0 the corresponding cosmological equation is
a˙2 +
(
8Gπ
3
)[
(K1 + 1)a
2
]
+ k = 0. (18)
4We can see that this equation is of the same form as Eq.(13)but with different constant. The solutions will be as
before but with the substitutions: K1 → K1 + 1, k → k + 8πGc21. The solutions are as follows
For K1 > −1 and k = −1
a(t) =
√
3
8πG(K1 + 1)
sin
(√
8πG(K1 + 1)
3
t
)
. (19)
For K1 = −1 and k = −1
a(t) = t (20)
For K1 < −1 and k = −1
a(t) =
√
3
8πG(K1 + 1)
sinh
(√
−8πG(K1 + 1)
3
t
)
. (21)
For K1 < −1 and k = 1
a(t) =
√
−3
8πG(K1 + 1)
cosh
(√
−8πG(K1 + 1)
3
t
)
. (22)
C. Case m=2
For m = 2 the cosmological equation to solve is
a˙2 + 8πG
K1
3
a2 − 8πGc
2
1
a2
+ k = 0, (23)
In this case we have found solutions for K1 = 0
For K1 = 0 and k = 0
a(t) =
√√
32πGc41 t. (24)
For K1 = 0 and k 6= 0
a(t) =
√
8πGc41
k
− k
(
t−
√
8πGc41
)2
. (25)
In both cases k = ±1 the universe starts from a singularity but for k = −1 it expands forever and for k = 1 there is
a re collapse after The expansion factor reaches the maximum value of aM =
√
8πGc41.
III. FINAL REMARKS
In this work we have considered the isotropic cosmology for some particular case of k-essence without extra matter
content and have found several exact solutions. The k-essence theory has been advanced as a possible model for dark
energy and dark matter. More realistic models with dust and radiation might be considered even if only numerical
solutions are possible and the results will be reported elsewhere.
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